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CH2F2, CH3. In CF4, however, the electron dif
fraction value for the C-F distance is 1.36 ± 0.02 
A. (Brockway, reference 15). 

The C = O distances in H2CCO and F2CO (1.16 ± 
0.02 A. and 1.17 ± 0.02 A.) are shorter than 
that in H2CO22 (1.21 ± 0.01 A.). The data do 
not, unfortunately, permit any valid comparison 
of the C = C distance in C2F4 with this distance 
in other compounds. The rather short C = C 
distance found in ketene (1.30 ± 0.02 A.) indi
cates that this bond distance is appreciably 

(22) D. P. Stevenson, J. LuVaIIe and V. Shomaker, T H I S JOURNAL, 
61, 2508 (1939). 

In recent years an increasing amount of interest 
has been shown in the problems associated with the 
formation of complex ions in aqueous solution. In 
a review Bjerrum1'2 has pointed out that the for
mation of complexes always appears to occur in step
wise fashion, with the stabilities of the various spe
cies MAj characterized by a series of mass action 
constants, k\, . . . kj. He also shows that if correc
tions for the statistical effect are made, a cer
tain number of the ligands initially bound to the 
central atom, M, are attached with about the same 
affinity and suggests that a mean complexity con
stant k ks can be used as a convenient 
measure of the tendency to complex formation. 
From an examination of the relationships of the 
successive constants he has made deductions about 
the existence of characteristic coordination num
bers, statistical effects, electrostatic effects, as well 
as certain anomalies—such as might be caused by 
change in coordination number—that may exist. 

In order to correlate the free energy data on 
various complex systems, particularly if quantita
tive comparisons are to be made, not only are pre
cise experimental data obtained from demonstrably 
valid experimental techniques necessary but the 
data must be treated in as mathematically rigorous 
and physically significant a manner as possible. 

There are available only a limited number of 
general mathematical methods for the calculation 
of successive complexity constants although a vari
ety of slight modifications and specific applications 
of these general formulations have been made by a 

(1) J. Bjerrum, Chem. Revs., 46, 381 (1950). 
(2) J. Bjerrum, "Metal Amtnine Formation in Aqueous Solution," 

F. Hasse and Son, Copenhagen, 1941. 

shorter than that in ethylene23 (1.35 ± 0.01 A.). 
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number of investigators. The three general treat
ments are those proposed by Leden,3 Bjerrum2 and 
Fronaeus.4 In the present communication we 
have undertaken to restate the general mathema
tical formulation for the calculation of successive 
complexity constants, examine the foundations in 
each case, analyze the physical significance of the 
treatment, apply the various methods to a particu
lar set of data and then critically compare the re
sults obtained, pointing out the aspects of each 
treatment that might be expected to introduce un
certainties. 

I. Calculation of the Successive Constants of 
Mononuclear Complexes 

General equations and definitions: 
M = central ion or molecule 
[M] = concentration of uncomplexed central ion or mole

cule 
A = ligand 
[A] = concentration of unbound ligand 
MA, MA2. . . MAj series of complexes formed 
[MAj ] = concentration of jth complex 
M + A = MA, M + 2 A = MA2. . . .M + jA = MAj (1) 

For the j th complex the equilibrium constant 

" ' [ M ] [ A ] ' 1 1 * ' {-> 

where the k's are constants for the formation of the 
individual complexes formed in stepwise manner. 

Now the total central ion concentration, Cm, is 

Cm = [M] + Y1 [MA1] (3) 
i = 1 

(3) I. I.eden, Z. physik. Chem., A188, 160 (1941). 
(4) S. Fronaeus, Thesis, "Komplexsystem Hos Koppar," T.und, 

(1948); Acta. Chem. Scand., 4, 72 (1950). 
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Three general mathematical methods for the calculation of the association constants of a complex ion system have been 
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noo2 T. C. STTLUVAN AND J- C. HINDMAN Vol. 74 

and the total ligand concentration, Ca, is 

Ca = [A] + E .[MA1] (4) 

/w all cases the fundamental assumption is made that 
the experimental conditions are controlled so that the 
activity coefficients of the system do not change and 
therefore that equations of the type [Z) yield significant 
values for the concentration constants of the system. 

The Method of Leden.—Combining (2) and (3) 
we define the function FC[A]) 

Cm - [M 
From a plot of F(fA]) 

graphical limit 
[M] [A] 

KmF(IAl) = ft 
IAI 

.ft [ A ] ' - ' = 

F(IAj) (5) 

against [A] the 

(6) 

is obtained. 
In order to place the limiting process on a sounder 

basis we will demonstrate that the limit of the ratio 
is actually the desired quantity. This is a matter 
of some interest since the experimentally deter
mined ratio in (5) is of the indeterminate form 0/0 
at [A] = 0 because at that point Cm - [M] = 0 
and [M] [A] = 0 

Hm \Cm - [M]) 
[ A l - O / [Ml[Aj f 

Hm \ 
[ A i - O \ 

dA Et M A ' 
[Mf 

Hm 
[ A ] - O 

Hm 

I)[MA' 
i-i 
'TM][A] \ 

I 

) 
\ ~ [ A l - O 

(ft + 2 f t [ A ] | = ft 

(7) 
Similarly successive constants may be obtained 
from successive functions, such as G([A]) where 

[A] 

plotted as above since 

G([A1) = a, • ft[A]'" (8) 

l iraG([A]) = ft 
[ A ] - O 

(9) 

In quite an analogous manner we may evaluate the 
limit of the ratio in (S) as 

HmG(IAl) _ Hm j FJJA ]]_-_£, ( _ 
[ A ] - O ~ [ A l - O / "[A] ~\ 

Hm j 
[ A ] - O / 

QA* E(MA' 

2[M] (10) 

In place of the graphical limiting method it is 
feasible to solve for the constants directly by form
ing a system of equations of the form of equation 
(5) and by treating the equations as linear in the 
unknowns /S1. For the general case if the determi
nant \D\, where 

\D • = 

[A1] [ A 1 P . . . [A' 

[A1I [A)] 

*0 (11) 

the jS's are unique solutions (Cramer's rule). It is 
obvious that in any experimental investigation this 
condition would be fulfilled since the [A4 ]'s would 
not be zero nor would they be equal. 

The evaluation of F ([A]) requires that both [M] 
and [A] be known. In the special case where the 
central ion is added as a trace concentration of a 
radioisotope (e.g., in the determination of com
plexity constants by partition methods such as the 
extraction of certain metal ions into benzene with 
the chelating agent, thenoyltrifluoroacetone)6 and 
the complexes are weak or only moderately strong, 
[A] "• Ca. In the case where [A] ?£ Ca, the value 
of [A] can be estimated by one of the procedures 
discussed later. 

The Method of Bjerrum.2—Bjerrum points out 
that if one defines a quantity, n, the average num
ber of ligands attached to the central group M 

E i [ M A 1 ] 
1 = 1 

[M] + EfMA'l 

C - [A] 
Cm 

(12) 

knowing n as a function of the concentration of the 
free ligand it is possible to determine the concentra
tion constants of the system. Combination of 
equations (12) and (2) with the elimination of [M] 
gives 

;; - ^[AL+2&tAI2 + • • • J f t W m \ 
" "Y+P1[Kf+ ....ft[A"]J " u ' ' 

which may be rearranged into the form 
n + (n - I)A1[A] + (n - 2)/32[A]» + 

....{n - j)ft[A]»- = 0 (14) 
Bjerrum gives a number of approximation methods 
for the solution of what is essentially (14). 

The solution for the ft'8 where j experiments 
have been performed thus giving j equations of the 
type of (14), by determinants using Cramer's rule 
is straightforward. The criterion for uniqueness of 
the solution is again fulfilled if we examine the 
determinant of the coefficients IDi I which is 

IAI -

(«i - D[A1] (Sj - .Z)[AiI ' 

* 0 (15) 

,(»1 ~ D[Aj] (Sj - J ) [ A J J ' 

since the values of the columns would not be zero 
or equal in any experiment. Although by Cramer's 
rule the same unique values for the constants are ob
tained by each method no simple transformation 
exists between the two formulations. This can be 
shown from equations (5) and (12) which give on 
combination 

F([A]) 

Ei[MA1 ill - "[M] 
(16) 

"[M][A] 

The simultaneous equations of the form of equa
tion (14) may be expediently solved by taking [A] 
values at half integral values of n. Such a selection 
simplifies the coefficients of the determinant, the 
values are sufficiently spaced so that a good repre
sentation of the curve is obtained and under spec-

(5) R. E. Connick and W. McVey, T H I S JOURNAL, Tl, 3182 (1949). 
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ial conditions (where the successive k's are suf
ficiently spaced so t ha t the formation curve is wave
like) these values of n correspond to the condition 
tha t approximately equal amounts of the [MA,_i] 
and [MAi] complexes are present in the solution. 
In this case an approximation to ki can be made by 
the equation 

ki C[AlA-*- 1A 
(17) 

n is not readily obtained from equation (12) if 
Ca = [A]. In this case the concept of the degree of 
formation of the separate complexes, a.j, is intro
duced. 

„ _ [MAj] ft [A]' 
' ~ Cn, ~ i 

1 + 5 > [ A ] ' 

(18) 

Transformation and differentiation of equation 
(18) leads to 

da 
'6"[A] t] f1 + P1MAI*) + a> Z^[A]'"1 -ifttAl'-' = 0 

combining 

5 log Oj _ — [A]daj 
- d l o g [A] aj&[A] 

with equations (12) and (19) we obtain 

(19) 

(20) 

n — j — 
d In a; 

din [A] 
(21) 

I t is therefore possible if the concentration of the 
central ion or of any one of the complexes is known 
as a function of the free ligand concentration to ob
tain « by graphical differentiation of the curve one 
obtains by plotting log [A] against log a.j. Then a 
plot of h against log [A] gives the formation curve 
of the system. Where [M] is the measured quan
tity, j = 0, and equation (21) reduces to the form 

d log [M 1 
-a log [A] (21A) 

In this case as well as in other cases where the exper
imentally determined quant i ty is not [A] and where 
the approximation [A] s C3. is not valid, successive 
approximation must be made to establish n and 
[A] as described in the following section. 

The Evaluation of [A].—The evaluation of [A] 
where the approximation [A ] = C3 is not valid can 
be made as follows: The average number of ligands 
per complexed metal ion, N, defined by Leden 

N = 
Z * [MAi] £>'[MAi] I> i [A] ' -> 

~T " ~ ~ cl-Wi _ 
( = i i = 1 

= ' i 1 (22) 

is used in combination with the relation 
[A] = C. - N(Cm - [M]) (23) 

obtained by combining equations (3), (4) and (22) 
to determine [A]. 

The procedure used by Leden to make the first 
approximation was to select a measured quant i ty 
whose value was proportional to N and from a plot 
of the logarithm of this quant i ty versus the loga
r i thm of [A], taken as equal to G, evaluate TV. [AJ 
values were then computed from equation (23) and 

a set of preliminary constants calculated by means 
of equations (5), (8), etc. These preliminary con
stants can then be substi tuted in equation (22) to 
give a second approximation to N, which substi
tuted in equation (23) allows an estimate of [A]. 
These new values of [A] may then be used to estab
lish a second set of constants and the procedure re
peated until convergence of the calculated /3's to 
the desired degree of constancy is obtained. From 
the Nernst equation and equation (21) it can be 
readily shown tha t for the case where the cell poten
tial is determined by [M], as in the case of the cad
mium cells investigated by Leden^ the slope of the 
d V/d In A plot rigorously defines n according to the 
equation 

dlflAl = "* lRT/nF] (21B) 

so t ha t N can only be approximated in the case 
where C m » [M] since 

' C 1 n - [ M ] 
' - " ( 2 ^ ) (24) 

Alternatively, therefore, it is possible to make 
use of the n concept in conjunction with Leden's 
method and calculate the [A] values by equation 
(25). 

[A] = C. - nCm (25) 

Fur ther approximations to [A] may be made either 
by the procedure outlined above or by making suc
cessive approximations to n by graphical differenti
ation of d log [M] plots versus d log [A] plots where 
the successive values of [A] are computed from 
equation (25). The lat ter procedure is also used 
in the methods of Bjerrum and Fronaeus for the 
case where [M] is the experimentally determined 
quant i ty . 

The Method of Fronaeus.4—This method incor
porates the concept of average number of ligands, n, 
attached to the central atom along with a limiting 
process of evaluating constants similar to tha t pro
posed by Leden. The method was originally 
formulated for use in systems of mixed complexes, 
i.e., those in which two dissimilar ligands are at
tached to the central atom. For a system in 
which only one type of ligand is present this 
method may be derived as follows. 

A function X([A]) is defined by the equation 

X(JA]) = 1 + A[A] + /S2[A]' + 

Differentiation of (26) 

+ /Sj[A]'- (26) 

dX( [AJ) 
d [A] 

= S ^ [ A ] ' - 1 = ft + 2/S2[A] + . . . .jft[A] 

(27) 

A function h/[A] is formed from (13) and (27) 

[A] D[A] / " 

tha t is 

h _ DX(IAI) / X ( [ A ] ) = _ & _ U o g ( 1 + 1 A ] F ( [ A ] ) ) 

(28) 

(29) 
a log x( [A]) 

a log [A] 

XQA]) is evaluated numerically by graphical inte
gration of the right-hand side of equation (30). 

In XaAJ)-J^1J-, 8[A' (30) 
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/3i is determined from the function 

Y([A|) = M l M - .1 = & + ft[A] + . . . -I- ft[A|'-» 

(31) 
limY([A]) = ft 

[ A ] - O 

using the values of X([A]) obtained from (30). 
Similarly, /3a, is obtained from 

Z([A]) = XLLAJ^.-,8J = & + 0,[A] + . . . + ft[A]' -» 

(32) 
Hm Z(]A]) = ,S2 

[A] -* 0 

Alternatively equation .3.1 may be graphically dif
ferentiated in the neighborhood of the origin to ob
tain a value for ft. A third procedure is to com
pute the constants from a system of simultaneous 
linear equations derived from (31). 

The condition that the values for the constants 
be unique solutions is given by 

i [ A 1 ] . . . - [ A 1 ] ' 1 I 

\D«] = ' ' , ^ U (.'MJ 

1 lA;j [Ail ' •>. 

Again for any experiment in which the [AJ's are 
not zero, equal or multiples the condition is obvi
ously fulfilled. Since, as before, the equations for 
the determinant are linear in the unknowns, ft, 
the same unique values of the constants are given 
by this method as by those of Leden or Bjerrum. 

The transformation from the system of Leden to 
tha t of Fronaeus is quite simple. 

X(IA].) = [A]F(EA]J + 1 (34) 

while again no simple transform from the equations 
of Bjerrum to those of Froneaus can be made in 
terms of [A] and X([A]J as seen by equation (28). 

Physical Significance of the Calculated Con
stants.—The constants calculated by any of these 
methods have physical significance insofar as it 
can be demonstrated t ha t they represent the mini
mum number of parameters required to represent 
the experimental material. This is most readily 
established by a measurement of n as the follow
ing will show. Assume, we have a system MA, 
MAo, MA3, MA4 and have measured a maximum 
n — 3.9. Equation (14) becomes 

3.9 -r 2.9ft[A] + 1.9ft [A |2 + 0.9ft [A]3 - 0.1ft[A]4 = 0 
(35) 

and fii[A]4 becomes 

ft[A]4 = 39 + 29ft [A] + 19ft[A|2 + 9ft,[A]3 (36) 

Since all quantities on both sides of (36) are positive 
the expression is physically meaningful. Now we 
can clearly see tha t an a t t empt to satisfy the meas
ured value of n in terms of only 3 parameters leads 
to a physically meaningless expression since in this 
case equation (14) becomes 

3.9 + 2.9ft [A] + 1.9ft[Aj2 + 0.9ft [A]' = 0 (37) 

Since all the [A]'s are positive and negative values 
for the constants are not meaningful less than four 
constants will not describe the system. 

Comparison of the Methods.—The following 
general remarks can be made about these proced
ures for calculating complexity constants. First, 
it should be emphasized tha t since all three methods 
yield unique values for the constants in the general 
case any discrepancies in calculations for a given 
system must be merely a reflection of the inher
ent uncertainties involved in manipulation of the. 
data . 

Leden's method as outlined has two limitations: 
(IJ I t is applicable only to systems in which the 
concentration of [M] is the experimentally meas
ured quant i ty . (2) The physical significance of 
the calculation is not readily apparent. For the 
condition tha t [A] = Ca, it has the great advantage 
that graphical manipulation of the data can be 
avoided. Even in the case where the concentra
tion of [A] must be determined by successive ap
proximations none of the suggested approximation 
procedures require more than a single graphical 
differentiation except the one employing the n 
method of computing [A]. 

The method of Bjerrum has two advantages: 
(I) It is applicable in all cases whether the meas
ured quant i ty be the concentration of [M], [A] 
or one of the [MAj] complexes. (2) The n versus 
[A] plot immediately indicates the number of com
plexes one has to deal with. However, where the 
free ligand concentration, [A], is approximately 
equal to C3, as in the case of a weak complex or 
where the central ion is added as a trace concentra
tion of a radioisotope, and where the measured 
quant i ty is the concentration of [M] or one of the 
[MA;] complexes equation (12) cannot be used di
rectly to calculate n. There are a number of obvi
ous errors inherent in the graphical differentiation 
of the smoothed experimental curve according to 
equation (21) and such errors in the determination 
of Ti will be reflected in the values of the constants 
finally obtained. I t is equally obvious tha t these 
errors will be magnified in those cases where n and 
[A] must be determined by successive graphical 
approximations. 

In general those comments applicable to Bjer-
rum's method apply to the method of Fronaeus. 
In addition, where i t is feasible to measure n ac
cording to equation (12) it is still necessary to per
form a graphical integration. There are a number 
of uncertainties always connected with such a pro
cedure. 

II. Application of the Equations to the Calculation 
of the Successive Constants of the Uranium (IV) 

Sulfate Complex System 

The general methods of t rea tment outlined in the 
previous section lend themselves for use in conjunc
tion with almost any well designed experiment, 
spectrophotometric, potentiornetric, polarimetric, 
etc., whose purpose it is to determine the successive 
complexity constants for a given system. The 
specialized forms of the equations used depend on 
the quantities measured. Additional examples of 
the application of the general equations to the eval
uation of complexity constants from different 
kinds of experimental da ta may be found in refer-
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ence (6). To illustrate the methods and check 
their empirical agreement, the data on a particular 
system will be examined. 

The number of systems in which adequate data 
are available for calculations of this kind are rela
tively few and in large part confined to investiga
tions by authors who have used one or the other of 
the general methods described and whose results 
should therefore be comparable. One of the ex
ceptions is the uranium(IV) sulfate system investi
gated by Betts and Leigh.7 These authors used 
the experimental method first described by Connick 
and McVey5 in which the variation in distribution 
of uranium(IV) between an aqueous and a benzene 
phase containing thenoyltrifluoroacetone (tta) is 
studied as a function of the bisulfate concentration 
in the aqueous phase. Crucial points such as the 
hydrogen ion and thenoyltrifluoroacetone depend
ence of the extraction were carefully investigated. 
Constant ionic strength and constant acidity were 
maintained. No test for polynuclear species was 
made. However, the experimental conditions are 
such (Cm small) that polynuclear complex forma
tion would be minimized. This, together with the 
fact that the data can be adequately represented by 
the mononuclear complex constants suggests that 
ignoring possible polynuclear complex formation is 
probably justified in this case. 

These data are of particular interest since the 
constants calculated by the authors give much lower 
values of k» than would have been expected on sta
tistical grounds or by comparison with the values 
reported for the similar zirconium(IV)5 or thorium-
(IV) sulfate complexes.8 

The Experimental Data 
In Table I are presented the pertinent data in the form 

of the experimental extraction coefficient, ZS0, and normal
ized extraction coefficient, E, as a function of the bisulfate 
concentration, [HSO 4

- ] . 

TABLE I 

T H E EXTRACTION COEFFICIENT AS A FUNCTION OF THE 

BISULFATE CONCENTRATION, [ H S O J - ] 

Ec = concn. M in organic phase/concn. M in aqueous phase 
[HHQrI _ ,,.._„£ 

mole/liter 

0 

1.83 X K)"3 

4.59 X 10-' 
9.18 X 10~3 

1.835 X 10 ~2 

4.59 X 1O-2 

4.59 X 10~2 

9.25 X K) - 2 

Ec 

0.712 
.601 
. 495 
.366 
.228 
.089 

1.24 
0.434 

(for < = 1) 

1.23 X 'E0)
1 

1.02 X 104Ol 
8.20 X K)3 

5.87 X 103 

3.49 X K)3 

1.30 X 103 

1.34 X 103 

5.28 X 102 

The Method of Leden.—Using the data in Table I, we 
may calculate the functions denned by equations (5) and (8) 
in the form given by equation (5A). 

(f-0/ [A] = 
Cm - [M] 

[M][A] 
(5A) 

(6) (a) A. F. Holloway, THIS JOURNAL, 74, 224 (1952), spectrophoto-
metric; (b) S. Fronaeus, Acta. Chem. Scand., 5, 139 (1951), spectro-
photometric and potentiometric; (c) S. Ahrland, ibid., 8, 374 (1949), 
spectrophotometric and potentiometric; (d) E. L. King, T H I S JOUR
NAL, 71, 319 (1949), solubility; (e) D. DeFord and D. N. Hume, ibid., 
73, 5321 (1951), polarographic; (f) S. Fronaeus, Acta Chem. Scand., B, 
859 (1951), ion-exchange; (g) J. Rydberg, ibid., i, 1503 (1950), 
partition. 

(7) R. H. Betts and R. Leigh, CnH. J. Research, B28, 514 (1950). 
(8) E. L. Zebroski, H. W. Alter and F. K. Heumann, THIS JOURNAL. 

73, 5046 (1951). 

In these experiments the total metal concentration was 
sufficiently high so that [A] ^ Ca and successive approxi
mations to [A] must be made. The F([A]) and G([A]) 
values given in Table II were obtained using [A] values 
computed using Leden's N method of approximation (equa
tions (22) and (23)). Graphical extrapolation gives ft = 
131 and ft = 1380. The value of ft may be obtained in yet 
another way. From equation (5) it is obvious that the slope 
of the function in the neighborhood of the intercept will be a 
measure of this constant. Performing the graphical dif
ferentiation one obtained a value of 1320. Using the n 
method of approximating [A], and graphical extrapolation 
/Si = 128 and ft = 1370. Using simultaneous equations 
ft = 130 and ft = 1330. In these calculations it must be re
membered that the Cm to be used in the estimation of [A] 
is the total aqueous metal concentration which is readily 
computed from the original U(IV) concentration (3.25 X 
1O -3 M) and the E1. values given in Table I . 

The Method of Bjerrum.—The experimental conditions 
are such that equation (12) cannot be applied directly. In 
the present case the data show that a single species is formed 
in the benzene layer, n can therefore be determined directly 
by graphical differentiation of a plot of the smoothed ex
traction coefficient, E, against log [A] (equation 21c). The 

d log E 
i> log [A] 

(21c) 

n values obtained by successive approximations are given in 
Table I I . Solving equation (14) by determinants the con
stants obtained are ft = 128 and ft = 1480. 

TABLE II 

CALCULATION OF THE FUNCTIONS F( [A]), G( [A]) AND n 

Original 
[HSO*-], 

mole/liter 

1.83 X 10~3 

4.59 X lO"3 

9.18 X 10~3 

1.835 X 10~2 

4.59 X 10~2 

4.59 X 10-2 

9.25 X 10~2 

F([A]) 

140 
131 
140 
157 
200 
186 
250 

G([A]) 

1036 
1540 
1614 
1235 
1320 

n 

0.134 
.367 
.600 
.795 

1.17 
1.17 
1.29 

The Method of Fronaeus.—Using the n values given in 
Table I I , the function defined by equation (28) can be cal
culated. By graphical integration the values of the func
tion In X ([A]) are obtained (equation 30). The functions 
Y( [A]) and Z ([A]) are then calculated according to equations 
(31) and (32). The results are given in Table I I I . Taking 
the appropriate limits graphically the value of ft = 126 and 
ft = 1210. From differentiation of Y( [ H S O r ] ) in the 
region of the origin ft = 1160. 

TABLE III 

T H E FUNCTIONS X([A]), Y([A]) AND Z([A[) FOR THE 
U R A N I U M ( I V ) SULFATE SYSTEM 

IAJ, 
mole/liter 

0.005 
.015 
.030 
.050 
.075 
.100 

TA] 

85.0 
53.3 
31.66 
24.2 
17.13 
13.00 

X([A]) 

1.610 
3,120 
5.817 

10.03 
17,33 
24.94 

Y l [ A ] ) 

122 
151 
161 
181 
218 
239 

Z t ] A ] ; 

1170 
1300 
1230 
1130 

Comparison of the Results.—As examination of the tabu
lation of the values of the constants in Table IV shows the 
three methods give constants in very good agreement. The 
agreement is better than expected since the values of the 
constants should be expressed with a 10% uncertainty for 
ft and a 2 5 % uncertainty for ft. These uncertainties are a 
reflection of the maximum random errors as estimated from 
the spreading of the points over the various plots made. 
There is an average deviation of ± 2 % between the experi
mental extraction coefficients and those calculated on the 
basis of the constants tabulated in Table IV. 
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TABLE IV 

VALUES OF THE CONSECUTIVE COMPLEXITY CONSTANTS, /SI 
AND ft FOR THE U R A N I U M ( I V ) SULFATE SYSTEM 

[H+]) 

131 
128 
130 
128 
126 
168 

V [ H + ] V 

1380 1320 
1370 
1330 
1480 

1210 1160 
62.2 

fc/IH+J 
10.5 
10.7 
10.2 
11.6 
9.6 
0.37 

kl/kz 

12.5 
12.0 
12.7 
11.0 
13.1 

454 

Method 

Leden 

Bjerrum 
Fronaeus 
Betts and Leigh 

For the [H+] dependent reactions the constants calculated 
refer to the expressions given below 

a " • ' 

Pl [ H + ] 

k, 
IH + J _ 

[USO4 

[U+1I[HSO4-] 
_ []J(S04)2] 

[HSO4 [USO. 

(38) 

(39) 

The discrepancy between the constants calculated by the 
methods described in the present paper and those reported 
by Betts and Leigh arise in large part from the weighting of 
the data by these authors. Their values for the constants 
are based primarily on the extraction coefficients for the two 
highest bisulfate concentrations. If a log E' versus log 
[HSO4""] plot is made it is found that the curve using their 
constants passes through only these two experimental points 
and deviates from all their other points in such manner that 
at a given bisulfate concentration the calculated E' is less 
than that experimentally determined. It is obvious that 
the inherent uncertainty introduced in any attempt to de
scribe the whole of a smoothed curve using parameters de
rived from one small region is greater than the probable 
error that can a priori be assigned to any given experimental 
point. 
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The Calculation of Vapor Pressure Curves from Data at One Temperature. 
the Hildebrand Rule1 

A Study of 
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AU liquids obeying the Hildebrand rule will fall on the same curve of log (Pmm/T) versus log (T/ff). log 0 is a constant 
obtained from any one pair of P and T values. A standard table is presented by means of which the entire vapor pressure 
curve of any liquid obeying the Hildebrand rule may be calculated from data at a single temperature. Departures from the 
Hildebrand rule are presented as a function of vapor volume in the case of some hydrocarbons. It is found that for straight 
chained paraffin hydrocarbons the excess entropy of vaporization at constant vapor volume is a linear function of the num
ber of carbon atoms from 4 to 12 carbon atoms. 

Hildebrand's rule3 t h a t the molal entropy of 
vaporization is the same for all normal liquids 
when measured a t the temperatures a t which their 
vapors have equal molal volumes was shown by 
Hildebrand to lead to the conclusion t ha t for all 
normal liquids the plots of log P versus log T could 

(1) Presented before the Division of Physical and Inorganic Chemis
try, 121st Meeting of the American Chemical Society, Buffalo, N. Y., 
March 26, 1952. 

(2) Department of Chemistry, Connecticut College. New London. 
Conn. 

(3) .r. H. Hildebrand. 'I HIS JOURNAL, 37, 070 (1916); 40, 45 
(1918). 

be superimposed by sliding them along a line of unit 
slope. He also showed tha t a general vapor 
pressure equation could be written for all such 
liquids with a single constant to be determined 
from a single pair of P and T values. Hilde
brand4 showed the degree of agreement reached by 
taking slopes of log P versus log T plots for a num
ber of substances a t a value of log nR/ V = 0 . 1 
corresponding to a vapor volume of 49.5 liters 
per mole. 

The rule can be given a more stringent test by a 
slight revision in the method of treatment. Since 
from the perfect gas law PjT = nR/V, different 
liquids a t the same value of P/T have the same 
vapor volume per mole. Also (d log P ) / ( d log 7") = 
ASV/R for the low pressure region, and so by sub
tracting (d log T)/(d log 7') from both sides wc 
obtain d log (P/T)/A log T = ASV/R - L Thus 
all liquids which obey Hildebrand's rule will have 
the same slope for the same value of log (P/T). 
It will be noted in Fig. 1 tha t all plots of log (P/T) 
against log T for the normal liquids shown can be 
made to coincide by subtracting log 8 from each 
value of log T, where log 6 is a constant for each 
substance to be determined from any one pair of 
P and T values. I t will be observed t ha t all the 
liquids of Fig. 1 have vapor pressures of one atmos
phere or less a t the value log (P/T) = 0.1 used by 
Hildebrand. 

In order to test the Hildebrand rule and to 
(4) J. H. Hildebrand, J. (,hem. Phys., 7, 233 (1939). 


